We study two supersymmetric toy models of a k-form superfield, k = 2, 1 separately. By "solving" Jacobi identities, we show that each model is completely solvable at offshell level, possesses a severely constrained kinematics, and gives a rigid representation of the supersymmetry algebra. This study of the toy models is motivated by our reanalysis on supersymmetry algebras in gauge theories where we discuss internal symmetry generators carrying spacetime/spinor indices.
I. Introduction
Coleman-Mandula theorem [1] has been a cornerstone to construct possible supersymmetry algebras in various dimensions. The theorem states that any group of bosonic symmetries of the s-matrix in relativistic field theory is the direct product of of the Poincaré group with an internal symmetry group. Consequently supersymmetry algebra was conceived as a Z 2 -graded algebra of which the bosonic part needed to satisfy the theorem [2] [3] [4] . In particular the internal symmetry generators do not carry any spacetime index. One of the assumptions necessary to prove the theorem was that the theory describes massive point-like particles. For massless theories it is well known that the Poincaré group can be extended to the conformal group, while in the presence of a p-dimensional extended object, or p-brane, it was pointed out by Azcárraga et al. that the supersymmetry algebra can admit a p-form central charge [5, 6] . This discovery initiated some studies of the possible central extensions of supersymmetry algebra by adding charges with spacetime indices to the ordinary supersymmetry algebra [7] [8] [9] .
It has been well known that in gauge theories the commutator of two supersymmetry transformations contains a gauge transformation as well as a translation [10] [11] [12] . For example, regarding four-dimensional N = 1 supersymmetric Maxwell theory, there exist essentially two known superfield formulations: One is to introduce a real scalar superfield or vector superfield and impose the Wess-Zumino gauge condition. The other is to start with a fermionic chiral superfield, W α , and impose a certain reality constraint, D α W α =DαWα.
In the former approach, the gauge field appears explicitly in the superfield expansion and the supersymmetry algebra closes on a gauge transformation and a translation, though the original supersymmetry algebra in the superfield formalism closes only on a translation. This is the price for adopting the Wess-Zumino gauge. On the other hand in the latter approach, only the field strength appears in the superfield expansion and the existence of the gauge field follows implicitly as the exterior derivative of the field strength vanishes, so that the supersymmetry algebra closes on a translation alone 1 .
The main contents of the present paper are twofold: We first revisit supersymmetry algebras in two gauge theories, 6 D (1, 0) tensor multiplet containing B µν and 4 D N = 1 supersymmetric Maxwell theory containing A µ . Analysing the commutators of super charges in each theory, we conceive the notion of gauge charges which carry spacetime/spinor indices and generate local gauge transformations. Since both theories are massless and describe free point-like particles, neither Coleman-Mandula theorem is applicable nor solitonic extended objects are present. Hence this is another type of origin for internal symmetry charges which carry spacetime/spinor indices.
When there are infinitely many generators in a supersymmetry algebra, the superfield formalism is not practical anymore, since the expansion of any superfield does not terminate at a finite order resulting in infinitely many component fields. Motivated by the observation above, in the rest of the paper, we analyse two off-shell supersymmetric toy models of a k-form superfield in 2k + 2 dimensions, k = 2, 1, separately. We let the relevant supersymmetry algebra consist of supercharges and translations only. By "solving" Jacobi identities,
we show that each model is completely solvable at off-shell level, possesses a severely constrained kinematics in the sense that all the component fields are at most quadratic in spacetime coordinates, x, and that it is possible to determine how the coefficients in the expansion of each component field in x transform to another under supersymmetry transformations, i.e. these coefficients form a "rigid" representation of the supersymmetry algebra 2 .
The organization of the present paper is as follows. Section II. contains the reanalysis on 6 D (1, 0) tensor multiplet. We discuss the gauge charges there. In section III., we study II.
Here we reconstruct the off-shell 6 D (1, 0) tensor multiplet within a superfield formalism in an algebraic way. We also exhibit an explicit expression for the corresponding superfield.
The standard six-dimensional (N, 0) supersymmetry algebra is given by
where E ij is a 2N × 2N anti-symmetric matrix governing the symplectic structure
with the inverse,Ē ij , E ijĒ jk = δ i k , and super charges,
The corresponding superspace has coordinates, z M = (x A , θ iα ), where Grassmann variable,
Following Howe et al. [14] , to obtain (1, 0) tensor multiplet, we consider a real scalar
where φ(x) = Φ(x, 0). 
If we define
[ ] mean symmetrizing, anti-symmetrizing indices with "strength one". 4 We note that 
we get
where, due to eq.(A8), H ABC is self-dual
and satisfies from eq.(A4)
Further, with eq.(A5) pseudo-Majorana conditions (II.3,II.6) imply that H ABC is real.
Using Jacobi identity one can write
which is in fact equivalent to eq.(II.11) itself.
With eqs.(II.8,II.12,A11a,A12) Jacobi identity gives
(II.13)
With the self-duality of H ABC , using eq.(A12), this becomes 14) and hence
The latter implies that H ABC is a field strength of a certain two-form tensor at least locally
Hence the existence of a two-form gauge field follows only implicitly as the exterior deriva- 18) so that with Jacobi identity
From the supersymmetry algebra this must be equal to −2iE ik γ Now we can write superfield 
II-B. Charges with Spacetime Indices : On-shell
The supersymmetry transformation rule for the two-form tensor field was first written by
Bergshoeff et al. at on-shell level [11, 15] as
From their results, by identifying
one may introduce supersymmetry charges,
This is compatible with eqs.(II.5,II.8,II.12). We also note that eq.(II.26a) is consistent with the pseudo-Majorana conditions (II.3,II.6), which can be shown using eq.(A5).
From eq.(II.26a) with Jacobi identities
one can calculate the anti-commutator of super charges. Using eq.(A11a) we get
where
The equality on the second line of eq.(II.28b) holds since N = 1, i.e. 1 ≤ i, j ≤ 2.
Now we introduce a vector valued Hermitian charge, Z
and hence Z A is a vector valued charge which generates a local gauge transformation. We also note that Z A is effectively null when it acts on ψ i α , φ, H ABC .
With the following constraints or "equations of motion"
eq.(II.28a) realizes the following novel modified (1, 0) supersymmetry algebra in six-dimensions
We note from eqs.(II.26a,A11j)
This shows from eq.(A8) that the self-duality condition (II.9) is also satisfied for the ex-
Similar analysis based on Jacobi identities can give other commutators/anti-commutators
If we denote gauge charges T (n) which are n times multi-commutators of Q i α , Z A containing at least one Z A , i.e.
then one can show, by induction on n, that gauge charges, T (n) , act only on the two-form
and
In particular, direct calculation gives
We note that there exist infinitely many gauge charges, T (n) , and this has to do with the fact that there exist infinite degrees of freedom for local gauge transformations. It is worth to note that Jacobi identities may reduce the number of independent charges such as
III. 6 D Toy Model of Two-form Superfield : Off-shell
In this section we investigate the consequences of setting Z A = 0, by considering a 6 D off-shell toy model of a two-form superfield. We assume the supersymmetry transformation of the lowest component field of the superfield is identical to that of the two-form gauge field in 6 D tensor multiplet (II.26a), i.e.
and require our toy model to be subject to the standard (N, 0) supersymmetry algebra consisting of Q i α , P A alone, i.e. eq.(II.1)
where 1 ≤ i, j ≤ 2N and N is an arbitrary natural number. We note that eq.(III.1) is of the most general form without any derivative and gravitinos.
Provided with these two equations (III.1,III.2) only, without any "equation of motion", using some properties of gamma matrices in six-dimensions we are going to show that the model is completely solvable at off-shell level, possesses a severely constrained kinematics as • B AB , ψ i α alone form a super multiplet without introducing any scalar field.
• The field strength of the two-form field is automatically self-dual.
• B AB is at most linear in spacetime coordinates, x, and it has the following explicit form
• The spinor field, ψ i α , is a spacetime independent constant field, i.e. there remain only zero modes and with B α β ≡ B AB (γ [AγB] ) α β it can be written as
• The supersymmetry transformation rule for ψ i α is
• The supersymmetry algebra (III.2) is represented by 10) and hence from eq.(III.9)
Contracting β, δ indices gives
Symmetrizing i, j indices of this gives
Hence eq.(III.12) becomes
Using eq.(A11c) we symmetrize α, γ indices to get 
Contracting this withγ αβ A gives from eq.(A2) 
Now we add eq.(III.26a) to eq.(III.25) and then subtract eq.(III.26b) to get 
so that imposing the self-duality condition (II.9) gives Now the Jacobi identity (III.35) becomes
If we consider the case, i = k Q.E.D.
IV. 4 D Super Maxwell Theory and Toy Model
In this section, similarly to section II. and III., we analyse the supersymmetry algebra in 4 D N = 1 supersymmetric Maxwell theory and study a toy model of a one-form superfield.
We obtain similar results.
IV-A. Charges with Spacetime Indices : On-shell
As an analogy to eq.(II.26a), from the known supersymmetry transformation rules for the component fields in N = 1 on-shell supersymmetric Maxwell multiplet [10, 16] , we can
From these, using Jacobi identities and eqs.(B3,B4,B5,B6), direct calculation gives
(IV.2a) 7 An auxiliary scalar field was set to be zero for simplicity.
[{Q α ,Qα},
Now it is obvious that with constraints on ψ,ψ or "equations of motion"
4 D N = 1 on-shell supersymmetric Maxwell theory admits the following modified supersymmetry algebra
Multi-commutators of Z µ , Q α ,Qα generate infinitely many gauge charges which act on A µ only and annihilate ψ α ,ψα, F µν as in eq.(IV.5). In particular we have
IV-B. 4 D Toy Model of One-form Superfield : Off-shell
Here we study a 4 D toy model of a one-form superfield. We assume the supersymmetry transformation of the lowest order component field is identical to that of the one-form gauge field in supersymmetric Maxwell theory (IV.1a), i.e.
and require the governing supersymmetry algebra to be the standard one consisting of
We note that eq.(IV.7) is of the most general form without any derivative and gravitinos.
Provided with these two equations (IV.7,IV.8) alone, without any "equation of motion", using some properties of gamma matrices in four-dimensions we are going to show that the model is completely solvable at off-shell level, possesses a severely constrained kinematics as
• The super multiplet consists of A µ , ψ α ,ψα, ϕ, where ϕ is a real scalar field.
• A µ satisfies the conformal Killing equation
so that A µ is at most quadratic in x and it has the following explicit form
where all the coefficients, a µ , λ, w µν , b µ are Hermitian operators.
• The supersymmetry transformation rules for the spinor fields, ψ α ,ψα, are
(IV.11)
• ψ α ,ψα are at most linear in x. The explicit forms are
wherex = x µσ µ and the lower spinorial indices of ρ α ,ρα are to be understood.
• The real scalar field, ϕ, is a spacetime independent constant field. Its supersymmetry transformation rules are
• The supersymmetry algebra (IV.8) is represented by
(IV.14h)
Proof
A Jacobi identity analogous to eq.(III.10) gives using eq.(B3)
while Jacobi identity for {Q α , Q β } = 0 gives with 16) and hence
Eq.(IV.15) is equivalent to
Eq.(IV.18a) gives the conformal Killing equation (IV.9) with the general solution (IV.10)
in four-dimensions [18] and eq.(IV.18b) gives from eq.(B5) 19) so that from eqs.(IV.8,IV.17) gives
Contracting the latter with σ 
(IV.26)
Finally one can check that eq.(IV.14) is consistent with the supersymmetry algebra (IV.8).
Q.E.D.
In section II., we reconstructed 6 D (1, 0) tensor multiplet at off-shell and on-shell level respectively: At off-shell level, within a superfield formalism in an algebraic way, we showed that the existence of a two-form gauge field follows only implicitly as the exterior derivative of the three-form tensor vanishes. We also exhibited an explicit expression for the corresponding superfield. At on-shell level, we analysed the supersymmetry algebra when the supersymmetry transformation rule for the two-form gauge field is given explicitly. We proposed a notion for gauge charges carrying spacetime/spinor indices. Along with translations and super charges they form an infinite dimensional super algebra formally. This has to do with the fact that there exist infinite degrees of freedom for local gauge transformations.
In section III., we investigated the consequences of "switching off" the gauge charges by considering a 6 D off-shell toy model of a two-form superfield . We made two assumptions there. One is that the supersymmetry transformation of the lowest component field of the superfield, B AB , is identical to the that of the two-form gauge field in on-shell (1, 0) tensor multiplet and the other is that the model is subject to the standard six-dimensional (N, 0) supersymmetry algebra which consists of P, Q only with an arbitrary natural number, N.
With these two assumptions alone, we showed that the model is completely solvable at offshell level and possesses a severely constrained kinematics in the sense that: (i) B AB , ψ and ϕ is a spacetime independent constant field, (v) The coefficients in the expansion of each component field in x form a "rigid" representation of the supersymmetry algebra.
Our study of the toy model signifies the importance of the gauge symmetry/charges in ordinary gauge theories and reveals the power of supersymmetry once more.
Here we exhibit some useful identities on gamma matrices in six and four dimensions which were previously given in Ref. [19] with details.
A Gamma Matrices in Six-dimensions
With the Minkowskian metric η AB = diag(+1, −1, −1, · · · , −1), the 4 × 4 matrices, γ A ,γ
and hence
In six-dimensions, without loss of generality, γ A ,γ A may be taken to be anti-symmetric 
Due to the identities 
The coefficient on the right hand side may be determined by eq.(A4).
{γ [AγB] , 1} also forms a basis of general 4 × 4 matrices with the completeness relation 
It is useful to note
B Sigma Matrices in Four-dimensions
The 2 × 2 matrices, σ µ ,σ µ satisfy
and hence 1 2 tr(σ µσν ) = η µν , 
where we put ǫ 0123 = −ǫ 0123 = 1. 
The coefficient on the right hand side may be determined by eq.(B2a). σ µ andσ µ are related by
where ǫ αβ ,ǭαβ are 2 × 2 anti-symmetric matrices, ǫ 12 =ǭ 12 = 1 with inverses, 
